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ON THE HARDY-LITTLEWOOD MAXIMAL FUNCTION
AND SOME APPLICATIONS
BY
C. J. NEUGEBAUER

ABSTRACT. With a monotone family F = {S,}, S, C R”, we associate the Hardy-
Littlewood maximal function Mgf(x) = sup,(1/|S,|) f 5, +x |fl- In general, My is
not weak type (1.1). However, if we replace in the denominator S, by S = {x —
y: x,y € S,}, and denote the resulting maximal function by M, then M} is weak
type (1, 1) with weak type constant 1.

1. Let F = {S,}, a €T, be a family of measurable sets in R*, 0 < |S,| < oo, and
for f: R” - R measurable, let Mf(x) = sup,(1/|S,))/s +x |f(?)| d¢, the Hardy-
Littlewood maximal function relative to F. For many important families F, M is
weak type (1, 1) and consequently strong type (p,p), 1 <p < oo. This is true if
S, = {|x| < a}, or if S, is the cube of side length a centered at the origin, or if
{S,} is a nested family of rectangles with sides parallel to the coordinate axes (see
[7D. However, one cannot go much beyond families of this kind and still expect a
weak type result. If, for example, F is the collection of all oriented rectangles, My is
not weak type (1, 1) (see [6]), even though it is strong type (p, p), 1 <p < oo, and
if F is the collection of all rectangles, not even this holds (see [4]).

It is well known that the maximal function is an important tool (i) in obtaining
pointwise bounds for convolutions [7], (ii) in problems of convergence a.e. and (iii)
in the theory of differentiability [4]. It is thus of interest to study M, for relatively
arbitrary F.

For the study of My, as we have seen, one needs to restrict F = {S,}, and a
natural minimal condition is that a < B implies S, C S;z. We will give, however,
an example (due to R. Hunt) which shows that M. need not be weak type. This
forces us to introduce a modified maximal function M} which is equivalent with
M whenever F is one of the classical families, and which is weak type (1, 1). This
is done in the next section, and the remaining sections deal with some applications
and R. Hunt’s example.

2.For ECR" let E*X=E — E={x—y: x,y € E}. We need the following
lemma.

LeEMMA. Let E C R" be measurable with 0 < |E| < oo. If every point of E is a
point of density of E, then E* is open.
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PRrROOF. We give the short proof (which is standard) for the sake of completeness.
We denote by d(x, E) = im|E N Q| |Q|™', as |Q| — 0, where Q is a cube, x € Q.
The hypothesis says that d(x, E) = 1, x € E. We consider the continuous function
Y(2) = [pr Xe(z + Oxe(2) dt = xg * xg(2), and we need to show that for z, € E*,
YWzg) > 0. If A ={1: xg+ 7€ E}, B={1: yo+ 7€ E}, where z5 = xy — y,,
then d(0, A) = d(0, B) = 1, and hence d(0,A N B)=1. Forr€ AN B,and t =
Yo+ T wegetzy+ t=xy+ 7 E E and hence Y(zg) > [4np+y, Xe(20 + Oxe(?) dt
> 0.

For F = (T}, y €T, a family of measurable sets in R" with (i) 0 < |7,| < oo,
let

£(x) = sup ——
Mf(x) = sup 1o fwv(t)l at.

By the above lemma we may assume that 77 is open, and we shall do so
throughout the paper. In addition to (i) above, we need to assume that there is a
map o: I' > (0, ] such that (i) o(y,) < o(y,) implies T, C T,, (ii)) o(y)to
implies there exists y € I" such that o = o(y) and T, 17,,.

REMARK. If T, is convex, then |T}| = 2"|T,|, and hence M} is equivalent with
M.

THEOREM 1. Under the above conditions on F,

[{x: MEA(x) >y} <|N/y» » >0, i.e, M} is weak type (1, 1).

REMARK. The reader will notice that the proof of Theorem 1 is a refinement of
the covering and weak type theorems in §2 of [S].

Proor. We will first assume that 7, C {|x| < N}, y €. We fix y > 0 and let
E = {x: MEf(x) >y}. For r >0, let E, = E N {|x| <r}. We will show that
|E,| < ||fli/y, and this will prove the theorem under the hypothesis of bounded-
ness of T,.

We may clearly assume that the map ¢ is bounded on T'; otherwise, the map
o’(y) = tan~'6(y) produces a reindexing with the required property.

We note that E, is contained in the set 4, of all x for which |x| < r and, for
some y €T, f,y+x|f(t)| dt > y|Ty|. For x € 4, let 7(x) = sup{a(y): f,v+,|f(t)| dt
> y|T}|}. The number 7(x) < oo, and there is a sequence {y;} such that o(y;)17(x),
and [ T, +x|f(D] dt > y|T,Z|. By hypothesis, there is y € I such that 7(x) = o(y) and
T, T,, from which J1,+£|fD)| dt > y|T}|.

We let now 7, = sup{7(x): x € 4y}. Then 7, < oo and we have a sequence
{x;} C A, such that 7(x)?7, and x; — x,. As above, 7(x;) = o(y;), and there is
71 €T such that 7, = o(y,), T\ 1T,,, and f,y|+x'|f(t)| dt > y|T}|. Thus x, € A,
Let now 4, = A,\(T} + x,), and let 7, = sup{7(x): x € 4,}. Then 7, > 7,, and
as before there is {x;} C A4, such that x; — x,, 7(x;)1'7,. Arguing as above there is
¥, € T such that 7, = o(y,) and f,-n,,lef(t)l dt > y|Ty|. Hence x, € A, and since
A, is closed in 4, (recall T7 is open), x, € A,. We alsonote that T, C T, .
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We continue this process and obtain sequences {x;}, { T, }, {4;} such that

(1)j < k implies T.,J T,

x4 €E4;and 4; = Aj_,\(T,; + x),

@) [z 4| D) dt > y|T2].

We claim now that for j # k, (x; + T,) N (% + T, ,) = . Assume that j <k,
andx, + 4, =x+4,, €T, 4 €ET,. Thenxkexj+(T T,) C x; + T} by
). Butby(2) X EAk ,andAk 1 N(T5 + x) =92

We assert next that N 4, = &. Assume that z € n A;. Then 7(z) > O (see the
beginning of the proof for the definition of 7(z)), and as observed there 7(z) = o(y)
and 1, |f(z)| dt > y|T7|. Since 7; > 7(z), we have T, O T, and thus, if F=

U (x +T) |F| = o0. Also T, CT so that U T, CT Smcelxj|<rwesee
that F C T + {|x| <r}c {|x| < N} + {|x| <r}, contradlctmg |F| =

Finally, since E, Cc U(x+ Tf,:), we obtain

_1 .Mll
E|< 3|T*< -2 |f(2)| dr < .
I'l l”l y ny,wr,-()l y

We remove now the restriction that each T, C {|x| < N}. We let F, = {T}}},
where T = T, n {|x| < N} Then

f V) ar < sup

M, = t)| dt,
W) = 0 T ITN. [ O
and since the first part of the proof applies to Fy, |{x: Myf(x) >y}| < || fll,/»-

Since My f(x)t MEf(x), we see that |{x: MEf(x) > y}| = limy_,.|{x: Myf(x) > y}|
< || fll,/»- This completes the proof of Theorem 1.

CorOLLARY 1. ||MEf||, < A,|lfll,» 1 <p < oo, where A, depends only on p. In
particular, A, does not depend on F, f.

CoROLLARY 2. [{x: MEf(x) > y}| < @/ fpy>y/2l D dt.

PRrOOF. Let f = f, + f,, where f,(x) = f(x), whenever | f(x)| >y /2, and fi(x) = 0
elsewhere. Then | f(x)| < | fi(x)| + ¥ /2. Hence {x: MEf(x) >y} C {x: MEfi(x) >
»/2}), and thus

[{x: MEf(x) > y}|< = |Lf,||l——fv)l> o).

We give now an important special example of Theorem 1. We let F = {S,},
a €T, T c (0, ), such that (i) 0 < |§,| < oo, (ii) « < B implies S, C S.

THEOREM 2. [{x: MEf(x) > y}| < |l fll/»-
PROOF. Let I = {7: 3{a;} C I' such thata;tr}. lff r € I'\I', let S, = U ,, S,

a€T.WeletT =T"x[0, 1], andfory—(a,B)mI‘wedefmeT as follows. If
B=0,T,=U.,,S,and if 0<B<1, T =S5, We setF={T} and we
define o: I‘—>(0 ) by o(a, B) = a. Itlseasﬂy checked that Theorem 1 applies to

F and hence

|{x: M2f(x) > p}| < [{x: Mef(x) >y} < |/
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3. The hypothesis in Theorem 2 that the family F = {S,} be monotone can be
somewhat weakened. For E CR"” and k= (k,,...,k,), k; >0, let kE =
{(kyxy o oo kyxy): (X, ..., x,) €E E}L

THEOREM 3. Let F = {S,}, a €T, have the property that there is k such that
o, a” < BinT implies S, — S, C kSg. Then

k.- k
[(x: MEAx) > 2} < =2

PROOF. Let Ty = U ,<p S,- Since we may assume that every point of S, is a
point of density of S,, the set T, is measurable. Let F' = {Tj}. It is clear that F’ is
monotone, and T§ C U , o< g(Sey — Sa») C kSg. From this we get Mzf(x) <
ky- - - k,M} f(x), and Theorem 2 completes the proof.

COROLLARY. If F = {S,} has the property that there is k so that a < B implies
kSg D S,, then the above weak type inequality holds.

PrOOF. Simply observe that o', a” < B implies S, — S,» C kSg.

ReMARK. The special case of the above corollary with F a family of oriented
rectangles centered at the origin can be found in [1] with a different weak type
constant.

4. The following example, due to R. Hunt, shows that for a nested family
F = {S,} (as in Theorem 2) the maximal function M f(x) =
sup,(1/]S.)f s, + x| f(#) dt need not be weak type (1, 1).

Let Sy = U 2527, 27 +27%) in R, so that Sy, C Sy. Let F = {Sy}, and
note that |Sy| < 272¥*1, Let f,, be the characteristic function of (0, 272¥~!). Then
Ifll; = 272¥~ . It is readily checked that

x €(—27N7, 27N 27N o Mfu(x) 2 2772/ |8y | > 1/2,
x € (2772 —27N"2 4 27N o Mifu(x) 3 27HNFD /ISy o > 1/2,

x € (—2"WHN+D 0) = M.fyu(x) > 1/2.

Hence |[{x: Mgfy(x) > 1/2}| > N-272*-2 = N|| fyll;/2, and M is not weak type
(1, 1). Incidentally, M, is not weak type (p, p), 1 < p < oo.

The above example raises the question for which class of functions is Mf weak
type (1, 1). For F = {S,}, @ € T, a monotone family, and p > 0 a measure on R”,
let us define p.(r) = sup u(S* + x)/|S,|, where the sup is taken over all a, x for
which ¢t € S, + x. Since S7 is open (recall that we always assume that x € S, is a
point of density of S,), it follows easily that p. is lower semicontinuous and hence
measurable.

THEOREM 4. Under the above conditions

p{x: Mef(x) >y} < % fn 0| e(d) .
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PROOF. As in Theorem 2 we extend F to a family F = (T}, y € T', for which
there is a mapping o: ' — (0, o) so that the hypotheses of Theorem 1 hold. Then
as in the proof of Theorem 1 we select {T, }, {x;} and obtain

% fmlf(t)lup(t) dt > ylz fvau(t)“,F(t) dt

1 p‘(iv + "9)
> —2—“"1— t)| dt > T +
Y |T‘1j' Lv*aLf( ) EM( K xj)

> p{x: Mef(x) > ).

In the second inequality we used the fact that u(f) = pz(¢#) which follows easily
from the definition of F in the proof of Theorem 2.

5. In this section we will present some applications of Theorem 2 concerning
pointwise boundedness of convolutions and approximate identities.

The problem about convolutions which we will discuss can be put in the
following way. Suppose lim ¢, * g(x) exists for every x and g € C,(R"). Under
what conditions does it follow that lim ¢, * f(x) exists for a.e. x and f € LP(R")
(see e.g. [3]). The hypothesis on C,(R") implies that |¢,||, < K < oo (by the
Banach-Steinhaus theorem). Our condition will be a more stringent requirement on
the norm.

Let F=(S,}, a €T C (0, »), be a family of measurable sets satisfying (i)
0 < |8,| < oo, (i) « < B implies S, C Sg. Let a(F) be the collection of all simple
functions s > 0 which can be written as s = 3 GX4p ¢ > 0, and 4; C —§, for
some o; € I', where —E = {x: —x € E}. We set ||s|| = inf 2 ¢|S;|, where the inf
is extended over all representations s = X ¢;x, and all sequences {S,} C F with
4; C —S,. We note that ||s|| > ||s||,. Denote now by L(F) all functions ¢ > O for
which there is a sequence {s,} C o(F) such that s,7¢, and let ||¢|r =
inf lim inf||s,||, where the inf is extended over all such {s,}. Again, ||¢||r > |I9|l;-

As an example, let ¢ > 0, ¢ € L'(R"), and let S, = {x: ¢(x) > a™'}. It is easily
verified that ¢ € L(F), where F = {S,}.

LEMMA. Let ¢ € L(F). Then |¢ » f(x)| < ||¢|l pMEf(x).

PROOF. Let s € o(F), s < ¢. Choose a representation s = = ¢;x,, ¢; » 0, and
4; C —S,. Then |s = f(x)] < Z ¢f|fIxy(x — O dt < Z¢f S‘J+x| f(H) dt <
2 ¢|SyIMEf(x). Thus |s = f(x)| < ||s||MEf(x), and by the monotone convergence
theorem the lemma follows.

Let {¢,}, ¢, > O, be a sequence of measurable functions. We say that a family
F = {8,}, satisfying (i), (ii) above, dominates {¢,} if {¢,} C L(F) and ||¢,||r < K
<oo,n=12....

THEOREM 5. If F = {S,} dominates {¢,} and if lim ¢, * g(x) exists for a.e. x and
g € C,(R"), then lim ¢, * f(x) exists for a.e. x if f € LP(R"), 1 < p < c0.
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ProoF. From the lemma, sup,|¢, * f(x)] < KMEf(x). For g € C(R") we have

|{x: lim sup ¢, * f(x) — lim inf ¢, * f(x) >n}|
= |{x: lim sup ¢, * ( = g)(x) — lim inf , + (f — g)(x) >}
<|{x: ME(f - £)(x) > n/2K}|.

By Theorem 2, M} is weak type (p,p) and hence the measure of the above set
< A4,||f — gll5/7*, which can be made as small as we wish.

REMARK. (1) If lim ¢, * g(x) = g(x), for a.e. x and g € C,, then lim ¢} f(x) =
f(x),ae.xand f € LP,1 < p < o0.

(2) As an example illustrating Theorem 3, let {¢,} be a sequence of nonnegative
functions such that ¢(x) <y(x), x ER" j=1,2,..., Yx) € L'R"), Y(x) =
Yo(Jx|) and yo(r) is nonincreasing. Then the family F of all spheres centered at 0
dominates {¢,}. This covers the classical case (see e.g. [7, p. 62]).

For the study of approximate identities, let ¢ > 0 on R”, [g. ¢(?) dt = 1 and let
(1) = e "¢(t/e). Then [ ¢, dt = 1.

Let F = {S,} be a nested family as above and satisfying eF C F,0 <e < 1, and
¢ € L(F). Here ¢eF C F means &S, € F for S, € F.

THEOREM 6. If ||¢|| p < o0, then ¢, * f(x) —> f(x) as e - 0 for a.e. x, f € LP(R"),
1< p< oo

PROOF. It is easily verified that ¢, * g(x) > g(x), x ER”, g € C,(R"). By the
lemma, |¢, * ()| < |l || xM#(x). One readily verifies that ||¢,|| - = || r» and thus
Theorem 3 completes the proof.

6. In this section we give an application to the differentiability of the integral.
Welet0 < |B| < oo and B, = ¢- B, 0 <& < 1. Assume that (i) B C U B, (ii) for
each k, the family F, = {eB,}, 0 <& < 1, is nested, i.e., ¢ < ¢, implies ¢ B, <
&,B,, (iii) Z|B¢| < oo. If for example B is starlike and symmetric about 0, then B,
can be chosen to be a rectangle so that the above conditions hold (see [2]).

THEOREM 7. Under the above conditions, if f*(x) = sup,(1/|B,)f .+ | (O) dt, then

PROOF. Let eB, = B,, and MZf(x) = sup,(1/|BL])/ 5+l f(1)| dt. Then

1
5] fB WO IB%IE fB e

L

2 |BUMEAC) =

1
< ‘l—be—l p) IB,:'M,:f(x)
Hence f*(x) < (1/|B|)Z | B¥| M} f(x), and Corollary 1 completes the proof.
ReMARK. (1) The above result generalizes part of Theorem A in [1].
(2) If the condition T |Bf¥| < o is replaced by |B}| -0 and I | B¢| |log|B¢|| <
oo, then by [4, p. 145], f* is also weak type (1, 1).
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